La relation
Ressource - Consommateur

lll - Rosenzweig-MacArthur

Claude Lobry,
Universitéde Nice et Modemic
Septembre 2016




Rosenzweig-MacArthur

Rosenzweig 1941 i o= f(e)— Lu@y)y
Mac Arthur1930-72 g = way)y-viy) -y

Graphical Representation and Stability Conditions\of Predator-Prey
Interactions

M. L. Rosenzweig: R, H, MacArthur

American Naturalist, Vol. 97, No. 895 (Jul. - Aug., 1963), 209-223,

Swuable URL:
hup://links. jstor.org/sici 7sici=0003-0147%28 196307% 2F08% 299 7% 3A895% 3C209% 3AGRASCO% 3E2.0.CO%3B2-L.




Rosenzweig-MacArthur

Rosenzweig 1941 io= f(z) - yu@y) -y

Mac Arthur1930-72 g = pl@y)y-vy) -y

On va étudier le modele attribué a Rosenzweig et Mac Arthur.

On va successivement :
- Faire une analyse par isoclines.

- Discuter sur la nature de la jacobienne en les equilibres.
- Montrer I'existence de cycles
- ....et d'un sévere probleme “atto-fox” associe.
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Etude mathématique du modele de Rosenzweig-MacArthur

Au lieu de faire I'étude sur les fonctions explicites on prend des fonctions générales qui ont les
mémes propriétés qualitatives.
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Les solutions sont bornees
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Stabilité des equilibres
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Stabilité des equilibres
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Stabilite des equilibres
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f
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Remarque importante

Arguments reposant sur des propriétées
qualitatives des fonctiofekte etc...

- Calculs plus élegants

-Valable pour des “classes” de fonctions

Si 'on prend m comme parametre lorsque I'on passe par le sommet de l'isocline les hypotheses
du théoreme de bifurcation de Hopf sont réalisées ce qui prouve I'existence de solutions

périodiques. Dans la suite on prouve I'existence de solutions périodiques avec des argument
d’ordre de grandeur (perturbations singulieres).
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p(t+dt) = o(t) + dt- f(a(t) —dt-c(a(t),y(t) - y(t)

Interaction

y(t +dt) = y(t) +dt - p(x(t), y(t)) - y(t) —dt - v(y(t)) - y(t)
Une hypothese forte :

pla(t), y(t)) =Y - c(z(t),y(t))

Proportionnalite entre ce qui est consomme et
I'accroissement de la population de consommateurs

On remplace c(x,y) par %M(ﬂ% y)
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On remplace c(x,y) par %M(CE, Y)

o +dt) = (t) +di- (f(t) — Fula(t).u(0) (D)
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On remplace p(x,y) par Ye(x,y)
t = f(x)—clz,y)-y z = fl@)—c(@)y
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Simulations de RMA
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Simulations du modele de Rosenzweig-MacArthur
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Simulations du modele de Rosenzweig-MacArthur
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Figure 3: Limit cycle of (3): € =0.05, m:0.7
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Figure 4: Limit cycle of (3); “jumps” of x(¢) : € = 0.05, m: 0.7
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Simulations du modele de Rosenzweig-MacArthur

¥ < P
S
g
+
<« 7
>
1 x
o 0.4 0.5 0.6 0.7
exp(®22) | 1.66 107° | 1.79 1076 [ 2.14 10°2*|534 10°%
Xomin 162 10°1.69 1006|190 102|431 1073

Table 2: Values of the parameters : € =0.05; m=0.7; xo =0.05 ; §, = €log(xp)
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Le modele (3) ci-dessus possede pour des valeurs convenables des parametres,
comme par exemple :
m=0.7; €=0.05

un cycle limite globalement asymptotiquement stable (G.A.S.). Donc, d’un point
de vue mathématique, il est persistant. Toutefois, si nous faisons une simulation
de ces équations a partir des conditions initiales :

x(0)=0.1 ; y(0)=0.5

nous observerons que la valeur de x(¢) va diminuer jusqu’a des quantités de I’orde
de 1072 ! ! (Nous reviendrons longuement au § suivant sur les raisons de ce phé-
nomene). Pour une telle valeur x(z) ne représente plus rien. En effet supposons
que une unité de x représente 10® individus (par exemple des renards) la valeur
10726 représenterait un 10~ !8 &me de renard, un “atto-renard”!.




FIG. 2 — Quelques trajectoires avec € = 0.05 et m = 0.85.




FIG. 3 — Quelques trajectoires avec € = 0.05 et m = 0.7.
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FIG. 4 — Quelques trajectoires en variable £ avec € = 0.05 et m = 0.7.
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Le meme avec du bruit
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Not a surprise

+ very (very) small noise
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This is a (big) surprise since the
number of individuals is still very
large
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FIG. 3 — Twenty runs with @ = 10°
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Simulations : In blue = determistic part only

Simulations : In red = full model
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Effect of population size in a predator-prey model
F. Campillo*, C. Lobry

Mademic Team-Praject INRA/INRIA, SupAgro, 2 Place Viale, 34060 Monrpeltier Cedex 2, France

I must confess that, at least for me, these results are hard to believe. I agree that,
quite often, deterministic models are interpreted with unacceptably low populations (e.g.,
a few dozens individuals). But 10® is a huge number, far exceeding any real population,
except in microbiology. The first question that comes to mind is: aren’t these results

numerical artifacts? Reading through the paper, I couldn’t find a discussion about this.




Les deux commentaires de

referee qui suivent sont
intéressants
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Effect of population size in a predator-prey model
F. Campillo*, C. Lobry

Mademic Team-Praject INRAINRIA, SupAgro, 2 Place Viale, 34060 Monrpelier Cedex 2. France
This paper is quite interesting. It couples a stochastic model with a differential
equation model to describe a predator-prey interacting dynamic system. The major
result is that a continuous representation of the population abundance appears to be

valid only above 10® individuals. If this is true, then almost all continuous models of
population dynamics should be thrown away.




equilibrium

m=0.75

m=0.66442561 m=0.6645

FIG. 6 — Phase portrait of system (7) for different values of m
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FIG. 9 — The “safety funnel”
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FIG. 9 — The “safety funnel”

En theorie des perturbations singulieres la theorie dite
des “canard” explique parfaitement pourquoi cet
entonnoir exponentiellement étroit est ineluctable.




p V(@)

Non extinction

Le probleme “atto - fox” n’est pas qu’un probleme de “petite population”. En raison du bruit

démographique inéluctable il faut se méfier des modeles ou I'on passe trop pres de la frontiere des
bassins d’attraction.
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Now we connect all the points at which the prey population just main-

. . . . d Prey
tained itself, and call the resulting line the prey isocline 3 =0 for
t

all points on the line . Let us also connect the points at which the pre-
dator population just maintained itself and call this the predator isocline.
If the lines intersect, neither population will be changing at the point of
intersection. Such points, if any exist, are called the equilibrium points of
the interaction.
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FIGURE 1. The instantaneous model of the interaction of a food-limited predator
and its prey. Py = prey density; Pd = predator density. Line A is the prey iso-

cline, that is, the set of all points for which = 0; line B is the predator iso-

dt
cline. Py increases in the dotted area only; Pd increases only in the shaded area.
The vectors are the instantaneous (general) direction of change of the community at
eight qualitatively-different points in the graph.
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FIGURE 5. The interaction of a predator and its prey where the predator is un-
able to eat the prey at every prey density. Isoclines, coordinates, and markings as
in figure 1. In this case, growing oscillations do not necessarily grow until one or
both species becomes extinct, for a limiting oscillation may be reached.
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dPd
The predator isocline, - - 0, is simpler to deduce. The predator is
t

depending on the prey for its ability to increase, When the prey fall below
a certain level, the predators decrease; when they are greater than this
level, the predators increase. Since we are dealing with an instantaneous
model, the predators will be increasing if and only if they are eating prey
at the required rate (Andrewartha and Browning, 1961). Attainment of this
rate depends only on the prey density. It is true that the greater the num-
ber of predators, the faster the density is reduced; still the instantaneous
rate of change of the predator population depends only on the instantaneous
rate of kill, which depends on the instantaneous density of prey. This re-
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Migrations in the Rosenzweig-MacArthur
model and the “atto-fox” problem
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